Abstract. The work is devoted to study Fibonacci and tribonacci numbers. We study the modular formulas and the periods of the sequences.
Introduction
The investigation of Fibonacci sequence F n = F n−1 + F n−2 with F 0 = 0, F 1 = 1 has been extended to algebraic aspect since D.D. Wall [7] in 1960. In particular researches including [1] , [3] , [6] were devoted to study Fibonacci sequences by modulo n in connection with order and period. The Fibonacci sequence has been studied in some arithmetic triangle forms, for instance all Fibonacci numbers appear along the diagonal of the Pascal triangle. Instead of triangle, if we display the Fibonacci sequence in rectangle form [2] , say a rectangle with three columns, and if we take each numbers by mod F 3 = 2 then we have the following tables 1 When we say tribonacci sequence T n , we mean a sequence like F n , but instead of two initial 0 and 1, the tribonacci sequence starts with three values 0, 0 and 1 and each term afterwards is the sum of the preceding three terms. Hence T n = T n−1 + T n−2 + T n−3 with T 0 = 0, T 1 = T 2 = 1, and the first a few tribonacci numbers are {0, 0, 1, 1, 2, 4, 7, 13, 24, 44, · · · }.
In this work we study Fibonacci and tribonacci sequence by displaying in rectangle form. By taking modular, we will find periods of the sequences.
Fibonacci table and modular Fibonacci table
The Fibonacci number F n can be extended to negative n such that F −1 = 1, F −2 = −1 and F −3 = 2, and F −n = (−1) n+1 F n for all n ∈ Z.
Proof. We have seen that
The rest can be proved similarly.
This can be generalized as follows.
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Proof. The cases of k = 3 or 4 are due to Lemma 2.1. We now will consider the 5 columns Fibonacci 
Assume it is true for i ≤ k − 1. Then in the k columns Fibonacci table,
It shows that F kt+r is a combination of F k(t−1)+r and F k(t−2)+r with coefficient 2F k + F k−3 and (−1) k−1 . Inductively we have the following.
The first coefficient in this stage is µ times the first coefficient in previous step added to the second coefficient in previous step, while the second coefficient in this stage is the first coefficient in the previous step. Now suppose that this pattern is true for all jth stages (1 ≤ j < t). That is, we assume that if
The case when k is even can be prove similarly.
It gives a good way to compute F n by knowing only a few information about F k , F k−3 , F r and F k+r . The first three are in the first row while the last one is in the second row of the k columns Fibonacci table.
Example 2.4. For 50th Fibonacci F 50 , take k = 7 for instance, then
by plugging
Corollary 2.5. [7] . The other method is to use the fact gcd(F k , F t ) = F gcd(k,t) in [4] . Of course F k |F kt can be proved by induction on t after fixing k. However it seems that the proof using the k columns modulo table is more convenient than any other methods. Owing to Corollary 2.4, we can construct the modular Fibonacci tables for 5 ≤ k ≤ 8: 
Proof. When k = 4 we will prove
If n = 12 then (3T 4 − 1)T 8 + (T 4 + 1)T 4 + T 0 = 504 = T 12 . Assume that
If n < 12 then by considering negative tribonaccis T −1 = 0, T −2 = 1, etc., without loss of generality we have Now we assume that, for k = 5 or 6 the equality
it proves the theorem. Thus similar to the proof of Theorem 3.1, it can be proved
From the 8 columns tribonacci hence T 9t+r = (3T 9 − 2)T 9(t−1)+r − 23T 9(t−2)+r + T 9(t−3)+r (1 ≤ r ≤ 9). And Analogue to the proof of Theorem 3.1, the induction yields the identity
We note that Theorem 3.1 and 3.2 can be extended to negative n of T n by taking
The following theorem provides an efficient method for T n with n < 0. Proof. Due to Theorem 3.1 and 3.2,
Since µ 3 = 1 for all 4 ≤ k ≤ 10, Proof. Due to Theorem 3.1 and 3.2, we have
Hence after some steps, if we write
for some i ∈ Z, then the next stage should be
Thus if i = t − 4 then T kt+r is a combination of T 2k+r , T k+r and T r .
Example 3.5. For T 50 , take k = 7 for instance, then
with (µ 1 , µ 2 , µ 3 ) = (3T 7 − 1, 15, 1) = (71, 15, 1). So we have We note that, unlike the Fibonacci case in Theorem 2.2, the coefficients (µ 1 , µ 2 , µ 3 ) for tribonacci numbers in Theorem 3.1 and 3.2 depend on k. Now taking modular by tribonacci number T k , the next corollary follows immediately.
Hence F kt+r is a linear sum of three entries e (1,k) , e (1,k−3) and e (1,r) in the 1st row, and e (2,r) in the 2nd row of k columns Fibonacci matrix. Moreover F kt+r is expressed by two previous entries e (t,r) and e (t−1,r) in the same (r)th column.
e (1,r) e (2,r) (mod F k )
where
. Moreover if let a and b be roots of
e (1,r) e (2,r) Proof. In the k columns Fibonacci matrix, by mod F k = e (1,k) ,
Continuing this process, F kt+r is expressed by means of matrices that where M = 0 1 (−1) k−1 e (1,k−3) . Observe that M = P DP −1 with
and it proves the Theorem that
e (1,r) e (2,r) .
Thus any F kt+r is obtained by e (1,k−3) , e (1,r) , e (1,k) and e (2,r) , where the first three are in the 1st row and the last one is in the 2nd row in the k columns Fibonacci matrix. 
But since a 2 = 3a+1, a 3 = 3(3a+1)+a = 10a+3, we have a 11 = 2a+2, a 12 = 8a + 2 and a 13 = 8. Hence In fact, F 99 = 218, 922, 995, 834, 555, 169, 026 ≡ 12 (mod 13).
The smallest integer h > 0 satisfying F h ≡ 0 and F h+1 ≡ 1 (mod n) is called the period of Fibonacci sequence by mod n. We write h = per F (n). Investigating the period of Fibonacci have been studied since Wall [7] , so the period is usually called the Wall number by many researchers ( [1] 
